This paper considers * -graphs in which all vertices have degree 4 or 6, and studies the question of calculating the genus of orientable 2-surfaces into which such graphs may be embedded. A * -graph is a graph endowed with a formal adjacency structure on the half-edges around each vertex, and an embedding of a * -graph is an embedding under which the formal adjacency relation on half-edges corresponds to the adjacency relation induced by the embedding. * -graphs are a natural generalization of four-valent framed graphs, which are fourvalent graphs with an opposite half-edge structure. In [5] , the question of whether a four-valent framed graph admits a Z 2 -homologically trivial embedding into a given surface was shown to be equivalent to a problem on matrices. We show that a similar result holds for * -graphs in which all vertices have degree 4 or 6. This gives an algorithm in quadratic time to determine whether a * -graph admits an embedding into the plane.
1 Introduction Definition 1.1. A four-valent framed graph is a regular four-valent graph which at each vertex is endowed with a pairing structure on the four outgoing half-edges. Half-edges which are paired together by this structure are (formally) opposite. Definition 1.2. An angle in a four-valent framed graph is a pair of nonopposite half-edges at a vertex. Remark 1.1. By an embedding of a four-valent framed graph Γ into a surface S we always mean an embedding of Γ into S such that the formal relation of being opposite coincides with the relation of being opposite induced by the embedding. Definition 1.3. A * -graph is a graph which at each vertex has a bijection from the outgoing half-edges to the vertices of a cycle graph. Half-edges which are mapped to adjacent vertices are (formally) adjacent. Half-edges are said to be opposite if they are mapped to vertices of maximal distance in the cycle graph. Remark 1.2. By an embedding of a * -graph Γ into a surface S we always mean an embedding of Γ into S such that the formal relation of being adjacent coincides with the relation of being adjacent induced by the embedding. In [4] the first named author (V.O.M.) gave a solution to the question of whether four-valent framed graphs are planar. In [5] , he addressed the question of determining the genus of surfaces into which four-valent framed graphs can be embedded, in particular considering the special case of surfaces into which four-valent framed graphs may be checkerboard-embedded. In [2] , the second named author (T.F.) gave a planarity criterion for * -graphs. The goal of this paper is to provide a method for determining whether a * -graph Γ has a checkerboard embedding into an orientable surface of genus g. In Theorem 3.1 we show that this is equivalent to a problem on matrices.
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Basic Notions
Definition 2.1. An atom [3] is a closed 2-surface S into which a 4-valent graph Γ (the skeleton of the atom) is embedded in such a way that it divides S into black and white cells so that cells sharing an edge have different colors.
Note that the atom induces a framing on its skeleton. Opposite half-edges at each vertex of the skeleton determine four angles among which two pairs of opposite angles are specified. One of the pairs of opposite angles must be black, and the other white. Given a four-valent framed graph Γ, the atoms corresponding to Γ are uniquely determined by a choice of one of the two possible colorings at each vertex. Definition 2.2. A * -atom is a closed 2-surface S into which a connected graph Γ (the skeleton of the * -atom) is embedded in such a way that it divides S into black and white cells so that cells sharing an edge have different colors.
This embedding induces a * -structure on the skeleton. The * -structure at each vertex determines a set of d angles among which we say that two angles are adjacent if they share a half-edge. Two adjacent angles never have the same color. Thus the angles around a vertex can be partitioned into two sets A 1 and A 2 in such a way that for any * -atom corresponding to the * -graph Γ, either all angles in A 1 are black and all angles in A 2 are white, or all angles in A 1 are white and all angles in A 2 are black. Thus given a connected * -graph Γ, the * -atoms corresponding to Γ are uniquely determined by a choice of one of the two possible colorings at each vertex. Thus the main problem can be reformulated as follows:
Given a * -graph Γ in which all vertices have degree 4 or 6, choose a coloring for the angles around each vertex such that the genus of the resulting atom is minimal. If such a graph has n vertices, there are 2 n corresponding * -atoms. Remark 2.1. This result is well-known for framed four-valent graphs; see for example [5] Proof. Suppose that a * -graph Γ is checkerboard-embedded into an orientable surface S. We can orient the edges in such a way that the edges around any white cell are oriented clockwise around that cell, showing that Γ meets the source-sink condition. Conversely, if a * -graph Γ is checkerboardembedded into a surface S, we can orient the cells of the embedding in such a way that in white cells, the edges around the cell are oriented clockwise, and in black cells, the edges around the cell are oriented counterclockwise. Definition 2.7. Given an Euler circuit C of a * -graph Γ, a 6-vertex v ∈ Γ is rotating if for every a ∈ C −1 ({v}), C(a + ǫ) and C(a − ǫ) are on adjacent half-edges around v.
Definition 2.8. Given an Euler circuit C of a * -graph Γ, a 6-vertex v ∈ Γ is splitting if for some a ∈ C −1 ({v}), C(a + ǫ) and C(a − ǫ) are on opposite half-edges around v, and for the other two points b, c ∈ C −1 ({v}), C(b + ǫ) and C(b − ǫ) are on adjacent half-edges, and C(c + ǫ) and C(c − ǫ) are on adjacent half-edges. Definition 2.9. A rotating-splitting circuit is an Euler circuit on a * -graph with all vertices of degree 4 or 6, for which every 4-vertex is rotating and every 6-vertex is rotating or splitting. Lemma 2.2. Let Γ be a connected * -graph in which all vertices have degree 4 or 6. Then if Γ satisfies the source-sink condition, it admits a rotatingsplitting circuit.
Proof. Assign to each vertex any rotating or splitting structure. This gives a partition of the edges of Γ into edgewise disjoint cycles. If there is only one such cycle, we are done. If there is more than one cycle, since the graph is connected, there must be a vertex v shared by different cycles. If v has degree 4, it must be rotating, and there must be two cycles meeting at v. In this case we can join the cycles at v and still have v be rotating, see Figure  2 . If v has degree 6, is rotating, and is the meeting point of three cycles, we can join the cycles and still have v be rotating, as in Figure 3 . If v has degree 6, is rotating, and is the meeting point of two cycles, we can join the Figure 4 . If v has degree 6, is splitting, and is the meeting point of three cycles, we can join the cycles and still have v be splitting, as in Figure 5 . If v has degree 6, is splitting, and is the meeting point of 2 cycles, we have two possibilities: The cycle which contains only two of the half-edges around v may contain two adjacent half-edges around v, or it may contain two opposite half-edges around v. In both cases, we can join the cycles by appropriately changing v into a rotating vertex, see Figure 6 and Figure 7 . By iterating this process, we arrive at a rotating-splitting circuit of Γ.
For any * -graph Γ with all vertices of degree 4 or 6, any rotating-splitting circuit C of Γ, and any rotating 6-vertex v in Γ, observe that the points C −1 ({v}) divide S 1 into arcs, and the images of these arcs under C are cycles in Γ, each of which contains two half-edges around v. 1. e is in the distinguished cycle.
2. Both of the vertices on e are in the distinguished cycle, and both have degree 3.
3. One of the vertices on e is in the distinguished cycle, the other is not, and both have degree 3.
4. Both of the vertices on e are in the distinguished cycle, one has degree 3, and the other has degree 4.
Additionally, the vertices not in the distinguished cycle are marked as flat or crossed. Remark 2.5. Both in chord diagrams and in * -chord diagrams, we can identify the distinguished cycle with S 1 , and view the chords, triads, and double chords as additional structure on the points of S 1 .
Definition 2.17. Two chords pq and rs are linked if p and q belong to different connected components of S 1 \ {r, s}.
Given a * -graph Γ which meets the source-sink condition and with all vertices of degree 4 or 6, and given a rotating-splitting circuit C of Γ, we define a * -chord diagram D Γ,C as follows:
For any 4-vertex v in Γ, the two points in S 1 which are mapped to v by C are connected by a chord. For any rotating 6-vertex v in Γ, the three points in S 1 which are mapped to v by C are connected by a triad. For any Figure 9 : a * -chord diagram with a crossed triad, a flat triad, a double chord, and a chord. Note that the only vertices on the interior of the circle are the two triad points; the other apparent vertices are simply the intersections of edges in the plane.
splitting 6-vertex v in Γ, the three points in S 1 which are mapped to v by C are connected by a double chord, whose principal vertex is a ∈ C −1 ({v}) such that C(a − ǫ) and C(a + ǫ) are in opposite half-edges around v.
A triad in D Γ,C is labeled as flat if the corresponding vertex in Γ is flat; crossed if the corresponding vertex in Γ is crossed. Remark 2.6. Every * -chord diagram has an expansion; but for * -chord diagrams containing triads, the expansion is not unique. For our purposes it will not matter which expansion of the * -chord diagram we take. Suppose Γ is checkerboard-embedded in a closed surface S. Then the rotating-splitting circuit C gives a mapping from S 1 to S which is one-to-one except at the preimages of vertices Γ. This mapping can be smoothed to give an embedding of S 1 into S, as in Figure 12 . Observe that the circle S 1 ⊂ S divides the surface into a black part and a white part. We can draw the chords of D The cases when the source-sink condition does not hold or when the embedding is not checkerboard will be addressed in a future paper.
